Introduction
The design of cooled mirrors for synchrotron radiation beamlines has already acquired a substantial literature including a number of reviews 1 workshop reports2. 3 and conference proceedings4· 5 dedicated to the subject. There are now many reports on the record of successful mirror designs developed to withstand particular heat loads with given surface accuracy tolerances. Usually such reports rely oncommerciallyproduced finite-element codes to verify that the design meets its requirements and this appears to be a perfectly sound approach reflecting the basic validity of classical heat-transfer theory in cases of interest to the synchrotron radiation community.
Although the use of finite element codes is an essential part of mirror engineering it has one unwelcome feature that is shared with many computer-aided design proceedures. This is the loss of some of the insight and intuition which accompanies the more traditional analytical approaches. Some writers have begun to address this by investigating the general effect of the various design parameters on the ultimate surface accuracy of the mirror 1 • 2. 6 • 7 and there appears to be a need for more studies of this type.
In this study we give an analytic treatment of a common type of cooled beam-line mirror using conventional heat-transfer theory. Although the model is quite specific, it illustrates well the effect of the most important design parameters and provides insight into the underlying physics. It also gives a starting point for consideration of material choices and some guidance in the process of developing candidate mirror designs which is a step that must always precede the finite element calculations.
Basic ideas of distortion and cooling

The mapping distortion
Since the gross bending effect is easy to avoid, we concentrate attention in what follows on the so-called "mapping distortion" which is more difficult to control. This is the local swelling due to direct expansion of the heated material normal to the heated surface which leads to a distortion which "maps" the power density distribution. Although, in the most general case, the gross-bending and mapping distortions are not seperate effects, the distinction is, nonetheless, helpful in thinking about many of the most common geometries of real synchrotron-radiation mirrors. We will calculate the mapping distortion of a mirror illuminated with a slowly varying power density distribution such as an unapertured beam from a bending magnet or a wiggler. The fact that the power density is always rapidly varying at the edge of the beam can be overcome by placing the edge outside the clear aperture of the system.
General principles of cooling
The natural way to address the problem of a high incoming heat load on a mirror is to provide cooling channels just under the surface. Such channels should evidently be as close as possible to the heated surface consistent with enough mechanical strength to resist the forces due to polishing and water pressure. Practical wall thicknesses are normally in the range 0.5-5 mm. This general.situation is represented in Fig.  1 which also shows the notation to be used. There is a thin (and therefore flexible) layer of material above the water channels known as the "hot wall", which has a temperature gradient across it and which, if unrestrained, would develop a convex curvature. Underneath the water channels is a large thick block; the main mirror substrate, which should have a much greater stiffness (thickness) than the hot wall. The latter is therefore prevented from expanding or bending and develops compressive stresses at its top surface. The purpose of the design is to remove all the incoming heat via the water which implies that the whole lower substrate should be at a uniform temperature equal to that of the water.
The heat flow will be from the top surface to the water with a conductive temperature drop across the hot wall and a convective temperature drop across the solid-water interface. Following normal practice in heat transfer we consider that these are determined by a conductivity, k, and a convective heat transfer coefficient, h, defined generically as follows 2 
Q" = k L\T and Q" = MT
L1x
(1)
where Q" (y, z) is the deposited power density, the L1T s in our case are the temperature differences T M-To and To-Tw (in Fig. 1 ) respectively and Tw is the bulk (free-stream) water temperature which we take, without loss of generality, to be zero. Making an analogy between the the flow of heat in these cases and an electric current, one can define a thermal "resistance" O=L\T/ Q"(y,z) which in our problem has two parts in series: 6=8k+8h. We know that when we turn on the heat flow through (Jt and eh, TM and To will increase from their initial values of zero and there will be an expansion of the mirror material and an increase, x, in the height of the surface. If Q"(y,z) is nonuniform, there will also be nonzero values for iJx I iJy and ax I iJz which are the slope errors we wish to calculate and eventually minimize.
To make a quantitative analysis we need to assume a shape for the cooling channels and we choose the rectangular one shown in Fig. 2 which easy to manufacture, close to optimum in performance and amenable to calculation. We are thus assuming that the channels are of uniform cross section. This excludes for the moment such schemes as the cellular-pin-post design but our treatment will provide insight into that system and we will return to it later. We are now in· a position to summarize the features of the model we are trying to analyze:
• attention limited to the mapping distortion
• Q" (y, z) slowly varying compared to the size of the cooling channels
• rectangular cooling channels of uniform crossection • neglect of effects due to the heating of the water.
Cooling by rectangular fins
Theory of rectangular fins
We consider the rectangular segments of mirror material between the water channels in Fig. 2 to be "cooling fins" for the hot wall. The properties of such structures have long been analysed in the engineering literature 8 • 9 • For suitably good conductors, a fin can remove much more power per unit area per unit temperature difference (relative to the water) than can a direct solid-water interface. To verify this statement quantitatively consider fins of width w, height H and length L (>>w) as shown in Fig. 2 . Suppose that the power flux and temperature are Po and To at the base of the fin and P and Tat a distance p from the base. We make the assumptions normally used in analyzing fins: (i) that the heat flow is onedimensional down the fin and (ii) that the heat transfer coefficient h is uniform over the area of the fin and argue as follows. The power transfered to the water between p and p+dp is given by -dP=2hTLdp and that flowing through dp is given by P=-kLw dTidp. Taking the derivative of the latter relation we find the differential equation of the problem (2) The solution of this equation is T = Aemp + Be-mp where m2=2hlkw. The boundary condition at the base of the fin is determined by the need to remove a prescribed amount of power per unit area based on the 3 incoming power density. The boundary condition at the end of the fin comes from the assumed philosophy for designing the fins which is to make their height (H) great enough so that all the power is transfered through their sides and none through their bottom ends. We thus write for the boundary conditions ---and -=0
[ ar] -P 0 [ar] . dp p=O -kLw dp p=H
Applying these leads to the formal solution to our problem;
Choice offin parameters Equation (4) enables one to calculate the temperature rise, T(O) atp=O due to removal of the given amount of power in terms of quantities that are known or can be chosen. To choose H we note that for p=O the last term of equation (4) is equal to coth(mH) which approaches its lowest value of unity asH becomes large. We would like to achieve this lowest value and to get within 10% of it we only need to have l'rliP-1.522. With this in mind we can use equation (4) for p=O to determine the thermal resistance of unit area of the fin
The quantity in square brackets is the reciprocal of the so-called "fm efficiency factor" (T/f). This quantity is defined in texts on heat transfer (using slightly different boundary conditions than ours) 9 as the actual heat transfered by the fin divided by the heat that would have been transfered if the entire fin had been at base temperature. We now have
-w fin-2hHTJf
Conduction-and convection-limited heat flow
We can recast (6) in a way that provides a better understanding of the role of the conductivity (6) (7) where R is approximately the ratio of the area of the solid-water interface to the area illuminated. This tells us that apart from the fm efficiency factor, the convective thermal resistance is the same as if we had asswned irifinite conductivity and used Q" = h&' alone. If the conductivity is good enough one reaches a condition where the heat flow is dominated by the convective thermal resistance, and the conductivity has 4 only a weak effect (through Tit)· When the convective thermal resistance is important, the traditional way to achieve a low value for it, is therefore to make H large enough to have coth(mll) near unity, wand c small enough to make R>> 1 (ie use a high number of high-aspect-ratio channels) and h large by means of turbulent flow conditions.
We now derive the full expression for the temperature rise at the base of the fin. Up to now we have not included the heat transfered directly through the tops of the channels which is not negligible in the case of a low conductivity mirror. If the fins occupy a fraction F of the total area then the overall convective thermal resistanceOh is given by l!Oh = FIOrzn+( 1-F)!Och· Going back to (6) for Ofin and using Och=llh we find that (8) This gives us the useful quantity, To, which is an average temperature in the plane x=-t.
(9)
We now make the assumption that the temperature of the mirror material in the plane x=-t is approximately uniform and equal to To (Fig. 1 ) so that, bearing in mind that Q" is slowly varying, we can treat the hot wall as undergoing linear heat flow which means that its temperature drop is given by L1ToM = Q" t I k. (10) The last two equations show that the temperature rise at the surface maps Q". It also follows that the conductive thermal resistance is given by. ok =ttk. (11) The dominant thermal resistance is likely to be ok for materials of low conductivity and oh for materials of high conductivity. The heat flow can therefore be classified as either conduction-limited (poor conductor, 8k dominant) or convection-limited (good conductor, 8h dominant). We are now in a position to evaluate 8k and Oh provided we know how to calculate h which is the subject of the next section.
Analysis of convective heat transfer
Calculation of the convective heat transfer coefficient
The estimation of h in practical situations is thoroughly discussed in standard texts on heat transfer 9 and we will quote the needed results here. For fully developed turbulent flow in a smooth tube, far from the tube entrance and under constant-heat-flow conditions, the following empirical relation is
The quantities Nu, Re and Pr are dimensionless numbers defined below and are to be evaluated at the free stream water temperature.
kw Nu is the Nusselt number, kw is the thermal conductivity of the water while Dh is the hydraulic diameter (four times the area divided by the perimeter).
Re is the Reynolds number, p is the density, v the free stream velocity and J1. the fluid dynamic viscosity. For turbulent flow, Re> 2300, for laminar flow, Re<2000.
Pr is the Prandl number, cp is the specific heat at constant pressure. The above relation (12) is valid for 0.6<Pr<l00.
Equation (12) is simple but subject to errors of up to 25% in extreme cases. A more accurate but more complicated formula is given by Petukhov 10 which is also free of the limitation to smooth tubes. For laminar flow in a sufficiently long circular tube, Nu approaches the constant value 3.66.
Laminar flow is sometimes of interest in mirror design because of "quietness" considerations but it provides inferior net heat transfer compared to turbulent flow unless one has very many channels of microscopic width and very small length. For a more complete treatment of noncircular, shon tubes the reader is referred to the standard texts such as Holrnan 9 . A tabulation of the quantities needed to calculate h for water from equation (12) is given in the Appendix.
A reference design of a water-cooled mirror
As an example, consider a mirror with the geometry given in Table 1 , cooled with 20°C water with a flow velocity of 3m/sec 11 • We will use this as a reference design and for the moment we take it to be made from the copper alloy Glidcop (see Table 2 for a list of material properties). The power density is that of one of the wigglers at the European Synchrotron Radiation Facility. These parameters lead to Dh=l.71mm, Re=5132 (turbulent flow), Nu=47 .9 and finally h=0.017 W/mm2?C. Returning now to equation (8) with p=O we find that the coth term is indeed close to 1 and therefore the heat removed by the fm per unit area, per unit temperature rise is approximately km. This is to be compared with the corresponding figure for a direct solid-water interface which, by definition, is h. The fin thus removes kmlh=(2klhw)ll2 (=6.6 for the reference design) times more heat per unit area per unit temperature difference than the direct interface. This fin advantage factor becomes even larger for smaller channels roughly as w-112 because his almost independant of Dh. However, for poor conductors and wide fms, the fm advantage becomes smaller and may turn into a disadvantage. We note however, that at least some fins are always needed for structural reasons.
Calculation of thermal distortions
Alteration of the expansion of material due to partial restraint
Before we estimate the distortion we have to account for the effect of the specific restraints which are applied to the heated regions of the mirror. We assume that the hot wall is restrained in two dimensions, the length and width directions of the mirror, and is unrestrained in the thickness direction while the fms are restrained in only one dimension, the length. The application of the known relationships between the stresses, strains and moduli of an isotropic material then tells us that the strain is ( 1 + v)/( 1-v)
times as large for two-dimensional restraint and (1 +v) times as large for one-dimensional restraint than it would be in the absence of restraint where vis Poisson's ratio. Since the strain is aAT for an unrestained block of heated material, the difference can be accounted for by defining two new expansion coefficients a1 anda2 a 1 =a(1+v) and ( 1+v)
1-v (13) .
Expansion of the hot wall
The temperature, T(x) in the hot wall is given by To+L1ToMO+xlt) and for each element dx the growth of the wall thickness compared to zero temperature is a2 T(x)dx. The overall growth, XwaJI, is thus
where we have used equations (9), (10) and (11) . 7 The temperature T(x) in the fm is given by equation (4) so we fmd similarly
Expansion of the fins
at Po Q., h (}
Lwkm where we have used equations (5), (6) and (9).
Calculation of mirror surface slope errors
We can now proceed to evaluate the total growth, x, in the thickness of the mirror which can be expressed in terms of the thermal resistances using (14) and (15) as follows (16) Expressing this in terms of design parameters and making the y and z dependences explicit we finally
Equation (17) represents our approximate analysis of the thermal distortion of the mirror. We may summarize it as x = AQ" or ax I (}y = A()(Q")I (}y etc in which case the quantity A, the height error per unit power density is a measure of the goodness of the cooling and is known in some communities as the ·"worm factor". The first term in the curved brackets describes the growth in the length of the fins while the second and third terms both represent a growth in thickness of the hot wall. The second term describes the growth due to the rise in the temperature of ¢e fin-hot-wall interface consequent on the convective heat transfer. The third term describes the growth due to the conductive top-to-bottom temperature difference (AToM) across the hot wall. From equation (16) one can see that the (}h terms will dominate for convectionlimited heat flow and the (}k term for conduction limited heat flow.
The significance of the so-called "distortion figure of merit" kJ a becomes clearer. It determines the growth of the hot wall thickness due to L1 ToM which is the main effect when the mirror is made from low conductivity material leading to conduction-limited heat flow. On the other hand the importance of h/ain determining the size of the first two terms which dominate for high conductivity mirrors with convectionlimited heat flow is also evident. . Thus kl a is not a true, simple figure of merit in this situation. In our reference design, for example, the last term, which contains kJ a, represents only about one tenth of the total distortion. 8 Another feature of equation (17) is that the growth, x, in the surface height depends on position only through the position dependance of the incoming power density Q" so that our calculated height error is indeed the expected "mapping" of the input power density distribution. Thus we expect the maximum slope errors at regions of maximum spatial rate of change of the incoming power density Q". The dependance of the slope on tis in accord with intuition: the thinner the hot wall, the less material there is to expand and the smaller is the AToM available to expand it A thin hot wall is also indicated by the need to avoid gross bending and minimize stress. The choices of the other parameters (small wand c, largeR, large h) mentioned earlier are all reafirmed.
Application of the analysis to the reference design.
In order to apply this treatment to a real case we need to know the form of (t' for which we use the gaussian approximation. This leads to Applying the foregoing equations to the reference design using the values in Table 1, By neglecting all but the first two terms of the gaussian in equation (18) one can see that, over a certain region near the axis (y<<cry). the thermal swellings are approximately circular. In this region they are therefore correctable by radius tuning. This would apply, for example, within the central cone of an undulator beam so that, in that case, the correction would normally be good over the whole mirror.
Comparison of the calculated performance of the reference design for various materials
Although our treatment has been approximate, it highlights a number of systematic effects which are involved in formulating mirror designs and choosing materials. We now consider the reference design using a wide range of possible materials to make the systematics clearer. Firstly we show in Fig. 3 the variation of the conductive and convective thermal resistances in the reference design with the thermal "resistivity" (k-1 ) of the mirror materiai. As expected the thermal resistance curves have a crossover. The graph shows that the dominant thermal resistance is the convective one on the high conductivity -(convection-limited heat flow) side of the crossover and conversly on the other side. Fig. 3 also shows the mirror surface temperature which is seen to increase monotonically with decreasing conductivity. This is an important consideration because it can rule out some otherwise interesting materials, such as low expansion glasses. It also reminds us that, for some materials, the expansion coefficient increases considerably with temperature which gives yet another reason why high surface temperatures are undesirable. This applies with particuler force to ULE, invar and superinvar whose low expansion properties apply over quite narrow temperature ranges (see footnotes to Table 2 ). On the other hand we should point out that a reasonably high surface temperature is said to be beneficial in preventing contamination of the surface by hydrocarbons. A primary purpose of mirror cooling is to achieve a sufficiently low slope error. In Fig. 4 we show the value of the maximum (peak-to-valley)' slope errors for our example mirror and heat load for nine candidate materials. We see that, in spite of the relatively high heat load, the majority of the materials give errors that would be within tolerance for many applications, showing that our reference design is quite useful. It is noteworthy that if the materials were placed in order of slope errors, they would be, with few exceptions, in inverse order of ease of fabrication and general convienience. The relative slope errors of the materials in Fig. 4 provide a reasonable comparison of the goodness of the thermal properties of the materials for achieving low slope errors. In particular it is a more meaningful comparison than one would get by simply using the kl a values. On the other hand Fig. 4 does not address the temperature rise nor the other issues of fabricability, cost, polishability, dimensional stability, vacuum compatibility etc that are involved in engineering a real minur.
Improvements to the reference design: narrower fins
Considering a single design for all of the materials is revealing in certain ways but it is not realistic. For conduction-limited cases it is less important to have good fin design, in fact the fin advantage tends to dissapear in such cases, but it is very important to have a thin hot wall both for better slope errors and lower temperatures. To the extent that the lower conductivity materials are useful, this is the key to using them. To have a thin hot wall it is also necessary to keep the channel width small enough compared to the hot wall thickness to avoid"print through" of the underlying structures and one can certainly go smaller than the 1-mm channels and 2-mm wall in the reference design. For materials like steel it should be quite practical to use 0.5-1 mm hot walls with appropriate care. On the other hand for convection-limited cases the hot-wall thickness is less important than good fm design. This also means narrow fms and channels, the limit being set in this case by the need to maintain turbulent flow. To illustrate the effect of pushing the sizes of the fins, channels and hot-wall closer to the limit, we show in- Fig. 4 an "improved" design for which the fins and channels are both 0.5x3 mm2 and the hot wall is 1 mm thick. This leads to the marginal value of 2566 ·for the Reynold's number. By evaluating. the friction factor9 one can determine that the pressure drop involved in feeding water through such a structure is 0.24 MPa (35 psi) per meter of mirror length as opposed to 0.10 MPa (15 psi) per meter for the original reference design. It is noteworthy that the effect of reducing the hot wall thickness is especially significant for invar because it reduces the mirror surface temperature which reduces the expansion coefficient in addition to the other effects.
Much narrower fins and channels have been used by Tuckerman 12 . The work of this author on the cooling of silicon chips has shown that one can get very effective cooling with fins and channels on the order of 50 J.Ull wide microfabricated in silicon. This moves the design into the laminar flow regime with a correspondingly reduced flow rate while the water temperature rise and pressure drop become substantial. The Tuckerman designs live with this and gain some advantage in h value by using sufficiently short flow distances. Heat transfer coefficients greater than 0.1 W/mm2fC were achieved for nominal 1-cm flow paths. The same concept has been applied by Arthur and coworkers 13 to cooling x-ray monochromator crystals and a similar h value was achieved. However, microchannels are much less appropriate for cooling large objects like grazing-incidence mirrors. For comparison the overall h values achieved by the reference design are about 0.045 W/mm2?C for the Glidcop mirror and lower for the others in inverse proportion to the temperature rise. Much higher overall h values can be achieved using the cellular-pin-post scheme which is described below.
10
The cellular-pin-post cooling geometry \ Silicon has been a somewhat neglected material for beamline optics in view of its excellent properties. It is rather difficult to find reports of the use of silicon for making grazing-incidence mirrors, which is due in part to classification. The favorable thermal and engineering properties of silicon have been exploited by the group at Rock:well 14 , which has produced a series of silicon mirrors cooled by water in the so-called "cellular-pin-post" geometry which is explained in Fig. 5 . The construction 15 • 16 consists of several silicon plates which are machined by conventional ultrasonic techniques and bonded together by means of melted glass ("frit" bonding). The design produces a rapid turbulent flow at the underside of the hot wall and heat transfer is by both the pin fins and the rectangular fins as well as directly to the underside of the wall. This is by far the highest performance scheme for water cooling of mirrors that we know of. A particularly strong feature is the flow geometry in which the water channels are narrow in the region where the coolant interacts with the hot wall and much wider elsewhere. The effect is that for realistic pressures the coolant flow speed at the hot wall is as much as an order of magnitude higher than the values one can achieve with channels of uniform crossection. Equation 12 shows that this strategy should yield an almost linear improvement in heat transfer coefficient with coolant velocity and this is indeed realized with overall heat transfer coefficients greater than 1.0 W/mm2?C having been achieved. The low surface temperatures that go with such a high h value coupled with the excellent thermal properties of silicon, lead to an outstanding slope-error performance.
Conclusion
We have presented an analysis of a simple but common type of high-power mirror design employing rectangular cooling channels. An analytic expression is obtained representing the predicted height and slope errors of the mirror surface in terms of the parameters of the cooling geometry and heat-load. This allows an understanding of how to choose the design parameters in the best way and gives a considerable degree of insight into the physics of the cooling process. The analytic expression was applied to the question of comparing the thermal properties of candidate mirror substrate materials with respect to the slope errors that they would deliver using an example mirror design. The best performance was obtained from (in order) invar, CVD silicon carbide and silicon.
APPENDIX: Material properties data on water and candidate mirror materials.
The thermal and elastic properties of a number of candidate mirror materials are listed in Table 2 . The sources of the data are indicated in the footnotes. It often happens that there are conflicting values in the literature and a certain amount of judgement has to be used. This can be avoided to some extent by using data compilations such as those of Touloukian 17 -20 , Barnes 21 and Killpatrick 22 · 24 where such judgement has already been excercised. Tabulating the properties of silicon carbide presents particular difficulties because the literature contains a wide spread of values for some of the quantities. For the CVD material, the k and a values are selected either because they are recent measurements on optical grade material or are recommended values from data compilations. Electroless nickel and borosilicate glass present similar problems in choosing a single representative number for what is essentially a family of materials. However since these materials tend to be less important in heat transfer calculations we provide only average values.
The properties ofwatex-25 needed for calculating the heat transfer coeficient hare given in Table 3 for~T~l00°C. 
Figure captions
1.
Basic layout of a cooled mirror showing nomenclature and notation.
2.
Geometry and notation of the water channels used in the analytical treatment of mirror cooling.
3.
Conductive and convective thermal resistances as a function of thermal resistivity (k-1) for the reference design described in Table 1 for various materials. Note that for the high conductivity materials the convective thermal resistance dominates and vice versa. The mirror surface temperature is also plotted and is seen to rule out certain materials such as glasses for high-power mirrors with this type of design.
4.
Maximum slope errors for mirrors of the reference design (open bars) and "improved" reference design (hatched bars) as described in the text. These slopes occur at the one-sigma points of the (gaussian) incoming power distribution and correspond roughly to a "peak-to-valley" optical surface specification.
5.
Principles of the cellular-pin-post cooling geometry developed by Rockwell for manufacture in silicon. 
